LIMIT THEOREMS FOR ADDITIVE C-FREE CONVOLUTION 



JIUN-CHAU WANG 



Abstract. In this paper we determine the Umiting distributional behavior for 
sums of infinitesimal c-free random variables. We show that the weak convergence 
of classical convolution and that of c-free convolution are equivalent for measures in 



OO 
O . 

. an infinitesimal triangular array, where the measures may have unbounded support. 



Moreover, we use these Hmit theorems to study the c-free infinite divisibility and 
stability. These results are obtained by complex analytic methods without reference 
to the combinatorics of c-free convolution. 



. .. 1. Introduction 

Q . The theory of the conditionally free (abbreviated as c-free) random variables was 

^ ■ introduced by Bozejko, Leinert and Speicher in [9], as a generalization of Voiculescu's 

J3 ' freeness to the algebras with two states. The concept of c-freeness leads to a bi- 

nary operation, called additive c-free convolution, on pairs of compactly supported 
^ _ probability measures on the real line. The c-free analogues of central and Poisson 

^ i limit theorems for identically distributed summands were also proved in [9]. The 

O . development of the c-free probability theory relies heavily on the combinatorics of 

■ non-crossing partitions. The nature of the combinatorial tools makes it difficult to 

lO ■ discuss limit theorems when the measures do not have finite moments. Even for 

^ ' finite moments the limit theorems proved in [9] and [lO] require subtle combinatorics 

^ ' arguments. 

The aim of this paper is to provide an analytic approach to study the asymptotic 
distributional behavior of additive c-free convolution. As shown in [17], the same 
approach also works in the multiplicative context. The extension of (additive) c-free 
convolution to measures with unbounded support was done by Belinschi [2]. His 
work provided useful inspirations for some of the analytic questions in our approach, 
as will be seen below. 

The remainder of this paper is organized as follows. In Section 2 we deal with 
the analytic problems involved in using an analogue of Voiculescu's i?-transform for 
measures without bounded support, and we extend the definition of c-free convolution 
to pairs of arbitrary measures using this transform. Section 3 contains the main result 
of this paper (Theorem 3.5), which provides necessary and sufficient conditions for 
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the weak convergence of c-free convolution of measures in an infinitesimal array. In 
Section 4 we present various characterizations of c-free infinite divisibility, which 
extend the results in [15] for pairs of compactly supported measures. Section 5 
contains a brief discussion of c-free stability. 

2. Setting and Basic Properties 

In this section we focus on the analytic apparatus needed for the calculation of 
c-free convolution. Most of the results we quoted from the literature were developed 
for studying the free and boolean convolutions. We refer the reader to the book [20] 
for a comprehensive introduction to free probability theory, and to the papers [IHl |4] 
for a detailed treatment of boolean probability theory. 

2.1. Cauchy transforms and c-free convolution. Denote by M. the family of 
all Borel probability measures on the real line M and set C+ = {z E C : ^j^; > 0}, 
= — C+. We associate each measure /i G its Cauchy transform 

r°° 1 

G^{z) = / -— d^iit), z e C+, 

J -oo ^ ^ 

and its reciprocal = : C+ C+. The measure can be recovered from 

as the weak*-limit of the measures 

dvy{x) = '^GJx + iy) dx 

TT 

as 2/ ^ 0+. For a, /3 > 0, we define the cone Ta = {x + iy E C+ : |a;| < ay} and the 
truncated cone F^^^ = {x + iy : y > /?}. As shown in [7], we have Qz < 
for z G and 

(2.1) F^{z) = zil + oil)), ^gC+, 

as 2; — oo nontangentially (i.e., \z\ 00 but z stays within a cone F^ for some a > 
0.) The measure /i is uniquely determined by the function F^, and conversely, any 
analytic function F : C+ C+ so that F{z) = z{l + o{l)) as 2; ^ 00 nontangentially 
is of the form for a unique probability measure on M. 

Property (2.1) also implies that, for every a > 0, there exists /3 = P{fi,a) > 
such that the function F^ has a left inverse F~^ (relative to composition) defined in 
Ta,/3- Moreover, we see that F~^{z) = z{l + o(l)) as z — 00 nontangentially. For 
fi,^ E A4, the additive free convolution yufflz/ G is characterized by the identity 

F-^,iz) + z = F^\z)+F-\z), 

where z is in a truncated cone Ta,i3 contained in the domain of all involved functions. 

For a measure /i G Al, observe that the function E^{z) = z — F^{z) takes values 

in U R and E^{z) = o{\z\) as z 00 nontangentially. Conversely, any analytic 

function E : — > U M with these properties is of the form F^ for a unique 
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probability measure The additive boolean convolution yU l+l z/ G of two measures 
fi, u e M is characterized [HI [4] by 

E^^,{z) = E^{z) + E,{z), zeC+. 

The theory of c-free convolution for pairs of compactly supported probability mea- 
sures was first studied in [9]. The c-free convolution (/ii, z/i) fflc (/U2, ^2) of such pairs is 
again a pair of compactly supported probability measures where the measure 

u = ui S 1/2. In order to describe the measure Jl, these authors further introduced, 
for a pair of compactly supported measures {fi, u), the analytic function 

C^,,^){z) = z[E,{G-\z))], 

where the inversion of Giy is carried out in a neighborhood of 00, and they proved 
that 

C(ji,u){z) = Ci^il,ul){z) + C(^2,i'2)(^)- 
The starting point for the treatment of measures with unbounded support is ob- 
serving that, for arbitrary measures fi,^ E A4, the function is actually defined 
in an appropriate domain. For measures /i, z/ e A^, we introduce a new function 

(2.2) <!>^,,.)iz) = E,{F-\z)) 

in a truncated cone r^^^ where the function Fj7^ is defined. The function is 
obtained from the function C(^^^^){z)/z by a change of variable z ^— 1/z, and is more 
suitable for our purposes. It is easy to verify that we have 

in the case of compactly supported measures. 

We will require the following result from |5], whose proof is based on the Cauchy 
integral formula. 

Lemma 2.1. Let a,(3,e be positive numbers, and let : Ta^p C be an analytic 
function such that \(p{z)\ < e\z\ for every z E Ta^p. Then, for every a' < a and 
P' > P, there exists K > such that the derivative (p'{z) is estimated as follows 

\4>\z)\<Ke, 2;G0,^.. 

The following result was first noted in [2]. 

Proposition 2.2. Let fJ^i, ^12,^1,^2 G A4, and let z/ = i^i ffl z/2. Suppose that both 
and are defined in a cone Tq,^^. Then there exists another truncated cone 
Voc> C a.fi such that the function 

is of the form for a unique probability measure jj, on M. 
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Proof. Note that (2.1) shows that F^{z) G Ta,i3 as ^ ^ oo nontangentially. To prove 
the proposition, it suffices to show that the function E{z) = $ {Fi,{z)) is of the form 
E^{z) for a unique probability measure ^ E A4, that is, to show that the function 
E{z) extends analytically to C"*" and E{z)/z ^ as 2; ^ oo nontangentially. 

To this purpose, we appeal to a subordination result in [3] (see also [H]) for free 
convolution z/i fflz/2, namely, there exist unique analytic functions uji^uj2 '■ C+ 
such that ujj{z) = z{l + o(l)), j = 1, 2, as 2; ^ cxd nontangentially and F^{z) = 
F^, (cJi(z)) = Mz)) for all z E C+. Then, by (2.2), we have 

E{z) = E,, {ui{z))+E,, Mz)) 

in an open subset of C+, and hence the function E{z) extends analytically to the 
entire upper half-pane C+. 

On the other hand. Lemma 2.1 shows that the derivatives E'^,{z) = o(l), j = 1, 2, 
as 2; ^ 00 nontangentially. It follows that there exists M > (3 such that 

\E{z) - E^,{z) - E^,{z)\ < \uji{z) -z\ + Mz) - z\ , 

for z G Fq A//, and hence we conclude that E{z)/z ^ as 2; ^ 00 nontangentially. 
Thus the proof is complete. □ 

Proposition 2.2 allows us to make the following definition which will be used 
throughout the rest of this paper. 

Definition 2.3. Let /ii, /U2, z/i, 1/2 G A4, and let u = ^2- The additive c-free 
convolution (/ii,t'2) He {(^2,^2) is the pair (/i, z/), where /i is the unique probability 
measure provided by Proposition 2.2. 

We will also use the somewhat abused notation 

/X = /il fflc fJ'2- 

Indeed, fii fflc depends on z/i and z/2 as well. We choose this shorter notation 
because the asymptotic behavior of free convolution ffl is well understood (see [T3] . 
and [8] for a different approach), and we would like to address convergence issues on 
the first component of c-free convolution. Our second remark is that the operation 
fflc is commutative and associative by Proposition 2.2, and it reduces to the original 
c-free convolution introduced in [9] in the case of compactly supported measures. 



2.2. Weak convergence of probability measures. If and jj are elements of 
TVI, or more generally, finite Borel measures on M, we say that fin converges weakly 
to n if 

/oo roc 
f{t)dfin{t) = lim / f{t)dfi{t) 
-00 'J —00 
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for every bounded continuous function / on M. The weak convergence of measures 
requires tightness. Recall that a family T of finite Borel measures on M is tight if 

lim sup/i({t : \t\ > y}) = 0. 

Any tight sequence of probability measures has a subsequence which converges weakly 
to a probability measure. 

We note for further reference that weak convergence of probability measures can 
be translated in terms of convergence properties of the corresponding functions E 
and 

Proposition 2.4. Let and {i'n}'^=i be two sequences in M.. 

(1) The sequence /i„ converges weakly to a measure fi E Ai if and only if there 
exists a truncated cone T such that the sequence E^^ converges uniformly on 
the compact subsets of T to a function E, and E^^{z) = o{\z\) uniformly in 
n as \z\ oo, z G T . Moreover, we have E = E^ in this situation. 

(2) Assume that the sequence Vn converges weakly to a measure z/ G A^. Then the 
sequence /i„ converges weakly to a measure E Ai if and only if there exist 
a, P > such that the functions ^{^„,u„) are defined in the cone r^,/? for every 
n, \imn^oo^i^ln,l'n){w) (exists for every y > (3 and ^{^,,„u„){^y) = o{y) uni- 
formly inn as y oo. Moreover, in this case we have lim^^oo ^{fin,!^n)iw) = 
^Miw) for every y > /3. 

Proof. We refer to [5] for the proof of (1). To prove (2), note first that the existence of 
the truncated cone F^^^ is provided by the weak convergence of the sequence {i^n}'^=i 
(see [5, Proposition 2.3]). Moreover, the sequence F~J^ converges uniformly on the 
compact subsets of Ta^p to the function F~^, and F~J^{z) = z{l + o(l)) uniformly in 
n as z ^ oo, z E Tq,,/?. 

Assume that the measures /i„ converge weakly to a measure /x. Then (1) and 
Lemma 2.1 imply that the derivatives E'^{z) = o(l) and E'^^{z) = o(l) uniformly in 
n as z ^ oo nontangentially. It follows that there exists M > [3 such that 

\<^i,„,.^){z)-<^^,,,){z)\ = \e,^{f;;;^{z))-E,{f;\z))\ 

< \e,^{f;;^\z))-E,^{f;\z))\ 
+ \e,,^{f;;\z))-E,{f-\z))\ 

< \F-\^) - + \E,^ {F-\z))-E, {F-\z))\ 

for every n G N and z G Ta^M- Hence (1) implies that ^{fj.„,u„){z) = o{\z\) uniformly 
in n as z ^ oo, z E T^^/^. The family {^{^iri,un)}'^=i is normal, and hence it has sub- 
sequences which converge uniformly on the compact subsets of Ta,i3. Moreover, the 
above estimate and (1) actually imply that the limit of such a subsequence must be 
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the function ^{fj,,u)- Therefore we conclude that the entire sequence {^(/^„,I/„)}^l con- 
verges uniformly on the compact subsets of F^jj to the function In particular, 
these results hold for z — iy, y > 

Conversely, let us assume that lim„_»oo ^(;i„,i/„)(^y) exists for every y > (5 and 
^{iin,vn){iy) — o{y) uniformly in n as y — > oo. We first show that the sequence 
{lJLn}n=i is tight. Let us define Un = Un{y) = P-^iw) ^ iy + 4>uSw) for V > 1^, and 
also observe that (piy^{iy) = o{y) uniformly in n as y — > oo by the assumption on the 
weak convergence of {i'n}'^=i. Then we have 

Un - F^^{un) = £^MnK) = = o{y) 

uniformly in n as y — > oo. Moreover, note that 

|G^„K(y))|< ^ ^ 



'^Un y + o{y) 

uniformly in n as y — ^ cxo. Hence, we conclude that u^G^^{Un) ~Un = o{y) uniformly 
in n as y oo. On the other hand, since Un = iy + o{y) uniformly in n as y — > oo, 
there exists M > j3 such that 

(SM!/)-<)'+0«-fe))=-5' '^*'l'l^'>*^' 

for every n. Finally, putting everything together, we have 

y y J-oc i^Un - + iSsUnf 

> ^ /" ldfln{t)^^^f^n{{t- \t\>y}), 

y J\t\>y8 Sy 

for every n and y > M, which implies that {/x^}^^ is tight. If e 7W is a weak 
cluster point of {fin}'^=i, then the first part of the proof shows that the function 
is uniquely determined and hence so is the measure Therefore the sequence 
/In converges weakly to the measure /i. □ 

Note that, in case = Sq, Proposition 2.4 gives the equivalence between the weak 
convergence of {iin}^=i and convergence properties of {£'^„(iy)}^i. 

2.3. Infinite divisibility. A pair of probability measures u) is said to be fflc- 
infinitely divisible if, for every n G N, there exist measures /x„, G such that 

n times 

in other words, we have 

/X = /x„ fflc yWn fflc ■•• fflc A^n and i/ = i/„ ffl z/„ ffl • ■ ■ ffl z/„ . 

V ^ V 

n times n times 

The notion of infinite divisibility related to other convolutions is defined analogously. 
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The Levy-Hincin formula (see [T2]) characterizes the infinite divisibihty relative 
to classical convolution * of a probability measure in terms of its Fourier transform. 
Namely, a measure z/ G 7W is *-infinitely divisible if and only if there exist 7 G M 
and a finite positive Borel measure cr on M such that the Fourier transform D of the 
measure v is given by 

(2.3) d(t) = exp 

The free analogue of Levy-Hincin formula for a ffl-infinitely divisible probability 
measure was proved in [HI [7]. A measure u E A4 is ffl-infinitely divisible if and only 
if there exist 7 G M and a finite positive Borel measure a on R such that 

(2.4) F-\z) = 7 + ^ + / —— da{t), z G C+. 

In other words, the function can be extended analytically to C+ if the measure 
u is ffl-infinitely divisible. 

Every measure z/ G is l±l-infinitely divisible p8]. The reason for this is that 
every analytic self-mapping of C"*" has a Nevanlinna integral representation |Tj. In 
particular, the function E^, can be written as 

r°° I -\-fz 

(2.5) E,{z)=^+ -J—da{t), zeC+, 

J -00 ^ ^ 

where 7 G M and a is a finite positive Borel measure on M. 

In the sequel, we will use the notations z/J'*^, u^" and u^'"" to denote respectively 
the *-, ffl-, and l+)-infinitely divisible measures that are uniquely determined by 7 and 
or via the formulas (2.3), (2.4) and (2.5). 



- 1 _ 



itx 



1 + x2 



1+ 



da{x) 



t G 



3. Proof of the Main Result 

Let {kn}'^=i be a sequence of positive integers, and let {cn}'^^i and {c^jj^i be 
two sequences in M. Consider two infinitesimal triangular arrays {^ink '■ n G N, 1 < 
k <kn} and {vnk '■ G N, 1 < /c < fc^} in Here the infinitesimality of the array 
{lJ^nk}n,k means that 

lim max Hnki{t G R : |t| > s}) = 0, 

n^oo l<k<kn 

for every e > 0. The goal of this section is to study the asymptotic behavior of the 
sequence {(//„, z/„)}5^^, where 

(/^n, ^n) = {Sc„, Sc'„) fflc (/^nl, t^nl) fflc if^n2, ^n2) fflc ' ' ' He {f^nk„, ^nk„) , 

and Sc denotes the Dirac point mass at c G M. 

To this purpose, we introduce the measures by setting 

dfJ'nkit) = d^nkit + ttnk), 
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where the numbers a„fc G [—1, 1] are given by 



(3.1) ttnk = / tdjj,nk{t). 

J\t\<l 

Note that the array {fink}n,k is infinitesimal and Hmn^oo niaxi<A:<fc„ \ank\ = 0. 
We also associate each measure an analytic function 

fnk{z)=l J— zeC+. 



oo 



Observe that '^fnk{z) < for all z G C+ unless the measure /i";, = 6o, and that 
fnk{z) = o{\z\) as, z ^ OO nontangeutially. 
We will require the following result. 

Proposition 3.1. Let Va,i3 he a truncated cone, and let {cn}'^=i he a sequence in M. 
Suppose that the arrays {/i„fc}n.A: CLiT'd {h'nk}n,k -M. are infinitesimal, and that the 
centered measures fi'^j^ are defined as ahove. Then 

(1) Efj_o^[z) = fnk{z + ank){'^ + 'Vnk{z)) for Sufficiently large n, where the sequence 
Vn{z) = maxi<k<k„ l^nkiz)] has the properties that limn^oo Vniz) = for all 
z G r^^^ and Vn{z) = o(l) uniformly in n as \z\ —>■ oo, z G T^^^. 

(2) For every n, k and z, w & r^,/?, we have 

\fnkiw) - < \fnk{z)\ (l + VTT^ - - • 

(3) For every y > (3, the sequence {c„ + X]fc'=i ^Hnki^y)}n'=i converges if and only 
if the sequence {c„ + Yl^h=i ['^"fc + fnk{iy)]}'^=i converges. Moreover, the two 
sequences have the same limit. 

(4) // 



L = sup ^ / T— 7^ dfllj^it) < +00, 



then Cn + '^k=i ^f^nki'^y) ~ ^(y) uniformly in n as y ^ oo if and only if 



+ Yllli [«nfc + fnk{iy)] = o{y) Uniformly inn as y oo. 

Proof. (1), (3) and (4) are proved in ^1]. To prove (2), let us consider the analytic 
function 



U^)= / -dfx{t), ZGC+, 



tz 
z^t 

for a measure ^ E A4. For z,w E C^, we have 



\f^(z)-f^{w)\<\z-w\ I d^i{t) 



oo 



and 

/ 1 -^dii{t) = \^f,{z)\<\f,{z)\. 

\z — t\ 



oo 



In addition, we have 



z - t 



w — t 



< 



w\ + \w — t\ 
\w — 1\ 



w 




z 

— 1 


w — t 




w 



< i + vTT 



^-1 

w 



for every t G M and z,w ETa. Therefore (2) follows from these considerations. □ 

It was first observed in [6] that for any given truncated cone Fq,^, the function 
is defined in Fq, as long as the measure /i concentrates near the origin. More 
precisely, for given a,f3 > 0, there exists 5 > with the property that if /U G 7W is 
such that G M : |t| > e}) < e, then the function is defined in F^^^. 

Lemma 3.2. Let Ta,i3 be a truncated cone, and let {/infc}n,fc o,nd {i'nk}n,k be two 
infinitesimal arrays in A4. Then, for sufficiently large n, we have 



where the sequence 



z G Fa^/3, 1 <k <kr, 



Ur, 



max \Unk{z 

l<k<k„ 



has the properties that lim„^ooW„(2) = for all z G Ta,i3, and that Un{z) = o(l) 
uniformly in n as \z\ ^ oo, z E F^,/?. 



Proof. Introduce measures 



dKkit) = d^nkit + Onk) 



where the real numbers ank are defined as in (3.1). The infinitesimality of the arrays 
{^nk}n,k and {i^nk\n,k and the remark we make prior to the current lemma imply, as 
n tends to infinity, that the functions F~^^ and F~o^^ are defined in the cone V^^p and 
moreover F~^^{z) = z{l + o(l)) uniformly in k and z G F^,^^. 

The desired result now follows from (1) and (2) of Proposition 3.1, and from the 
following observation: 



□ 



As shown in |8j, the real and the imaginary parts of the function fnk become 
comparable when n is large. More precisely, we have 



and 



mnk{iy)\ < (3 + Qy) \'^fnk{iy)\ , 1 < < ^n, y > 1, 



\'^fnk{iy) \ < 2 \^fnk{w) \ + \bnkiy)\ , I < k < kn, y > I, 
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where n is sufficiently large and the real- valued function hnkiy) is defined by 



Kk{y) 



\t\>i 



2 H 



O-nk + 



it - a'nk)y 

(t- ttnkY 



dfinkit). 



We will need an auxiliary result from [21j, where it was written in a slightly 
different form. 



Lemma 3.3. Consider a triangular array {snk}n,k in [0, +oo) and two arrays {znk}n,k 
, {'Wnk}n,k in C. Let {cn}^i be a sequence in M. Assume that 

(1) '^Wnk < and '^Znk < for all n and k; 

(2) Znk = Wnfc(l + £nk) ciTid lim„_oo = 0, whers En = maxi<fc<fe„ \enk\; 

(3) there exists a constant M > such that \^Wnk\ < M \'^Wnk\ + Snk for all n 
and k. 



Then, for sufficiently large n, we have 



[Znk — Wnk] 



< (1 + M)en 



k=l 






k=l 


k=l 








kn 


kn 


{l-En- SnM) 


y^^^wnk 


< 


^ ^ ^^nk 


~l~ ^ ^ ^nk 




k=l 




k=l 


k=l 



and 



In particular, «/sup„>]^ Ylk~i ^nk < +00, then the sequence {c„ + Ylk=i ^nk}'^=i con- 
verges if and only the sequence {cn+Ylk=i'^nk}'^=i does. Moreover, the two sequences 
have the same limit. 



Proposition 3.4. Let {jJ^nk}n,k and {i'nk}n,k be two infinitesimal arrays in Ai, and 
let {cn}'^=i be a sequence of real numbers. Given /3 > 1, suppose Va,(i is the truncated 
cone where the functions are defined 

(1) For every y > (3, the sequence {c„ + YX=i^{pnk,ynk){w)]n=i converges if 
and only if the sequence {c„ + Xlfcli -^Mnk (^l/)}n^i does. Moreover, the two 
sequences have the same limit. 

(2) IfL < +00 as in (4) of Proposition 3.1, then Cn + Yl\li ^{f^nk,'^nk)i^y) = o{y) 
uniformly in n as y 00 if and only if Cn + Yl'h=i ^^^nki^y) ~ ^(y) uniformly 
in n as y ^ 00. 

Proof. It was proved in [8] that Ylk=i l^nkiy)] < 5yL for sufficiently large n and 

y > I. Applying Lemmas 3.2 and 3.3 to arrays {fnk{w)}n,k and {^(^^„k,•^nk)iw) - 

anfc}n,fc, we conclude that the two sequences {cn + Ylk=i Kfc + fnk{iy)]}'^=i and {c„ + 

Ylk=i^(Mnk,Vnk)i'^y)}'n=i have the same asymptotic behavior as n ^ cx). Then the 

proof is completed by (3) and (4) of Proposition 3.L □ 
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We are now ready for the main result of this section. Fix real numbers 7, 7' and 
finite positive Borel measures a, a' on M. Recall that v2'" ^ ^'m ^'^'^ ^'^^ ^^e *-, 

ffl-, and l+l-infinitely divisible measures that we have seen in Section 2.3. 

Theorem 3.5. Let {c„}^]^ and {c^jj^i he two sequences in M, and let {jJnk}n,k and 
{i^nk}n,k be two infinitesimal arrays in M.. Suppose that the sequence ffl z/„i ffl 
ffl ■ ■ ■ ffl Vnk^ convcrgcs weakly to u^'"^ as n 00. Then the following assertions 
are equivalent: 

(1) The sequence 6c„ fflc fJ-ni fflc I^n2 fflc ' ' ' fflc /Unfc„ converges weakly to jj, E Ai. 

(2) The sequence 6c„ W l+l /i„2 W ■ ■ ■ l+l fink„ converges weakly to z/y 

(3) The sequence 6c„ ffl /ini ffl Ain2 ffl ■ ■ • ffl fink„ converges weakly to z^g'^. 

(4) The sequence 6c„ * jJni * f'n2 * ■ ■ ■ * /infc„ converges weakly to z/J'*^. 

(5) The sequence of measures 



k=l 

converges weakly on M to the measure a, and the sequence of numbers 

7n = Cn + 



k=l 

converges to as n ^ 00. 



Moreover, if (l)-(5) are satisfied, then we have = Ej^i," in a truncated cone. 

Proof. The equivalence of (2), (3), (4) and (5) was proved in |[2T]. We will show the 
equivalence of (1) and (2). Assume that (1) holds. Define 

f'n = Sc„ fflc f'nl fflc f'n2 fflc "■■ fflc Atnfc„, = 5< ffl Z/„i ffl Z/„2 ffl ' ' ' ffl ^nk„, 

and 

Pn = Sc„ W yu„i W yU„2 W ■ ■ ■ W /i„fc„, neN. 
Then, by the weak convergence of {i^n}'^=i, there exists a truncated cone r^ /} such 
that the functions $(^„,i/„) are defined in r„^^. Thus we have 

*(Mn,^n)(^) =Cn+Yl '^iPnk,U„k)iz) 



k=l 



in the cone r^,/? and 



k=l 



Also, note that 



(3.2) + ^ [Onk + fnk{z)] = 7n + / ^ rfo-„(t), 

;„i J-(x> ^ 't- 



k=l 
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and that the quantity L as in (4) of Proposition 3.1 is precisely sup„>i (7^(1^). 
Propositions 2.4, 3.1 and 3.4 imply that 

lim Ep^iiy) = $ ,v,.'My) = hm + [ctnfc + fnk{iy)] ] , V > P- 

n— >oo \H-)'^f£ ) n— >oo \ ' ' I 

\ k=l J 

Since {c„ + ^^li [onfc + /nfc]}5^i is a normal family, an application of Montel's theo- 



rem shows that the sequence {c„ + Xlfcli V^nk + /nfe(0]}^^i converges to $ 
Hence (3.2) implies that 



(M.fm '''' ) 



lim 0"^ 



lim c„ + [a„fc + /„fc(0] 

V fc=l / 

-9$, ^ 7',<T\(i) < +00. 



We deduce that L = sup^>^cr„(R) < +oo, and therefore (2) holds by Propositions 
2.4 and 3.4. Moreover, in this case we have "^(^^7',^'^ = E^i.'^ in the cone Fq, /} by the 
uniqueness principle in complex analysis. 

Conversely, suppose now (2) holds. Using the equivalence of (2) and (5), we see 
that L < +00 and hence (1) follows again from Propositions 2.4 and 3.4. □ 

Theorem 3.5 shows that the reciprocal of the Cauchy transform of the limit law n 
is given by 



(3.3) F,{z) = z - ' ^ ^ • 

Therefore, in order to determine the limit law n, one first finds the parameters 7, 7', 
a and a' by (5) of Theorem 3.5, then uses the formulas (2.4) and (2.5) to obtain the 
function from (3.3). Finally, the measure /i is recovered from the function as 
we have seen in Section 2.1. 

In this spirit, we see that the results in [9] concerning the c-free analogues of the 
central and Poisson limit theorems are direct consequences of Theorem 3.5. Indeed, 
given a, P > 0, in case 7 = 7' = 0, a = and a' = /3^5o, the limit law /x is a c-free 
version of the centered Gaussian distribution on M which appeared in [9l Theorem 
4.3]. A c-free analogue of the Poisson law as in [9], Theorem 4.4] is obtained when 
7 = a/2, 7' = (3/2, a = (a/2)5i and a' = {(3/2)6i. 

It is also interesting to note that (3.3) shows that the limit law /i = 5o if and only 
if 7 = and the measure a = 60. Thus, by Theorem 3.5, one obtains necessary and 
sufficient conditions for the weak convergence to the Dirac measure at the origin, 
which can be viewed as the c-free analogue of the weak law of large numbers. 

4. Application to the Hc-infinite Divisibility 

In this section we give various characterizations of the fflc-infinite divisibility with 

the help of Theorem 3.5. The analogue of Theorem 4.1 for compactly supported 
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measures was obtained earlier in [15] by analyzing the solutions of a complex Burger's 
equation. The approach we presented here deals with general probability measures, 
and does not involve such a differential equation. 

Before outlining the main result we need a definition. A family of pairs {{fit, ^t)}t>o 
of probability measures on R is said to be a weakly continuous semigroup relative 
to the convolution fflc if ifJ't, vt) fflc (/is, t-'s) = {fJ't+s, ^t+s) for t, s > 0, and the maps 
t \^ fit and t \^ vt are continuous. 

Theorem 4.1. Given a ^-infinitely divisible measure u E M. and a measure fi G M., 
the following statements are equivalent: 

(1) The pair {fi, z/) is S^-infinitely divisible. 

(2) There exists a real number 7 and a finite positive Borel measure a onM. such 
that the function 

$(^,.)W=7+/ ^—da{t), zeC-^. 

(3) The function can be analytically continued to C"*". 

(4) There exists a weakly continuous semigroup {{fJ't, i^t)}t>o relative to fflg such 
that {fio, z/q) = {So, So) and {fii, vi) = {fi, v). 

Moreover, if statements (1) to (4) are all satisfied, then the limit 

'I X 



7 = lim 

t^o+ 



dfit{x) 



t 1 + x 

exists and the measure a is the weak limit of measures 

1 

-—-^dfit{x) 

as t 0+. 

Proof. We first prove that (1) implies (2). Assume that (1) holds. For every G N, 
we have 



yU = /i„ fflc fin fflc ■■■ fflc /^n and V = l\iSUnS ■ 



ffl l^n, 



n times n times 



where fin,T^n £ M.- Then we have F^^^{z) — z = [F^^{z) ~z]/n, and hence the 
measures z/„ converge weakly to (5o as n — 00 by Proposition 2.3 in [5]. On the 
other hand, the identity $(^t„,jy„)(-z) = ^{ii,u){z)/n and Proposition 2.4 imply that the 
measures /i„ converge weakly to So as well. Let us introduce two infinitesimal arrays 
{f^nk}n,k and {vnk}n,k by setting fink = fin and z/„fc = z/„, where 1 < k < n. Then 
the measure fi (resp., z/) can be viewed as the weak limit of the c-free (resp., free) 

convolutions fflc fin2 He " " " He f^nn (rCSp., Unl ffl Z^n2 ffl ■ ■ • ffl l^nn) ■ HCUCC (2) folloWS 

form Theorem 3.5. 
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The equivalence of (2) and (3) is based on the Nevanhnna integral representation 
of analytic self-mappings in C+(see [Ij). 

We next show that (2) implies (4). Suppose that (2) holds. It was proved in [7] 
that there exists a weakly continuous semigroup {i't}t>o relative to ffl so that z/q = 5o 
and ui = v. Then, for every t > 0, there exists a unique probability measure [it on 
R such that E^^{z) = t {^(fi,u) {FvA'^))^ for all z G C^, where /io = ^q. It is easy to 
see that the c-free convolution semigoup {(/it, t't)}t>o has the desired properties. 

The implication form (4) to (1) is obvious. To finish the proof, we only need to 
show the assertions about the measure a and the number 7. Assume that the pair 
(/i, v) is fflc-infinitely divisible, and let {(/it, i't)}t>o be the corresponding convolution 
semigroup as in (4). Let {t„}J^]^ be a sequence of positive real numbers such that 
lim^^oo^n = 0. Let /c„ = [1/tn] for every n G N, where [x] denotes the largest integer 
that is no greater than the real number x. Observe that 

1-tn < tnkn < 1, 72 G N. 

Hence we have lim„^oo tnkn = 1, and further the properties of the semigroup {(/it, i^t)}t>o 
show that the c-free convolutions 

/it„ fflc /itn fflc ■ ■ ■ fflc ^^tn = f^t„k„ 
' V ' 

kn times 

converge weakly to the measure /xi = /i as n — > oo. Theorem 3.5 then implies that 
the measures ^ ^ 

converge weakly to the measure a and 

J —CO ^ \ X 

where the centered measures dnl^{x) = dfit„{x + an) and the numbers a„ are defined 
as in (3.1). The desired result follows from the facts that lim„^oo o,n = 0, and that the 
topology on the set M. determined by the weak convergence of measures is actually 
metrizable [121 Problem 14.5]. □ 

We conclude this section by showing a result, which is a c-free analogue of Hincin's 
classical theorem on the *-infinite divisibility [T4] . 

Corollary 4.2. Let {cn}'^=i and {Cn}'^=i be two sequences in M, and let {fink}n,k and 
{^nk}n,k be two infinitesimal arrays in Ai. Suppose that the sequence 6c„ fini He 
/i„2fflc' ■ 'fflc/^nfcn converges weakly to jj,, and that the sequence dciJ^yni^^nT^' ■ ■ffl^'nfc„ 
converges weakly to v. Then the pair {jj,, v) is S^-infinitely divisible. 

Proof. It was proved in [6] that the measure z/ must be ffl-infinitely divisible. There- 
fore the result follows immediately from Theorems 3.5 and 4.1. □ 
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7 = lim 

n—*oo 



5. Stable Laws 



In this section we determine all fflc-stable pairs of measures, which are defined as 
follows. Denote by x the set of all pairs of measm'es (/x, u), where /x, G 7W. 
Two pairs of measures (/Xi,z/i) and {iJ.2,1^2) in x are said to be equivalent 
if there exist real numbers a,b, with a > 0, such that dji2{t) = dfj,i{at + b) and 
di'2{t) = dui{at + 6); we indicate this by writing (/xi, vi) ~ (/i2, 1^2)- By analogy with 
classical probability theory, we say a pair of measures (/x, i/) e At x Al is fflc-sia6/e 
if (/ii, vi) fflc (/i2, 1^2) ~ (a*, whenever (/^i, vi) ~ (//, v) ~ (//2, 1^2)- 

Remark 5.1. Note that if (i/X2(t) = diii{at + h) and di'2{t) = dui^at + b), where a > 0, 
then (2.2) shows that 



(5.1) 



in a truncated cone. Conversely, if pairs (/ii,z^i) and {fJ'2,^2) are such that di'2{i) = 
dui{at + 6), where a > 0, and (5.1) holds in a truncated cone, then 

d^2{t) — d^i{at + b). 

Proposition 5.2. // (//, i/) is Sc-stable, then {/i, u) is Sc-infinitely divisible. 

Proof. The fflc-stability of (;U, z/) implies that {fiScf^,i'Sii') = (/x, i/) fflc (A'-, i^) ~ {l^i^)^ 
that is, there exist 02 > and 62 £ such that 

(i//(i) = ci(/x fflc //)(a2t + 62) and cii/(i) = (i(i/ ffl z/)(a2i + 62)- 

The analytic description of free convolution implies that 

_ , , , 1 



02 
2 

02 



K.(a2^) - 62] 



b_2 

2 



= 2F-^(z)-z = F-^,^(z), 

where dv2{t) — du{a2t + ^2/2). This shows that i/ = 1/2 ffl 2^2- Moreover, Remark 5.1 
and Proposition 2.2 show that 

1 

02 
2 

— (02^) - 

02 L 



.=F. / N ^2" 



in a truncated cone, where dfi2(t) = dfi{a2t + b2/2). Therefore, we have /i = H2^cl^2- 
Next, we consider (/i2, ^^2) ~ (a'-, '^) = (^'■2 He A''2, ^^2 H ^'2)- By a slight modification 
of the above argument, it is easy to verify that there exist 03 > and 63 e IR such 
that v — 1/3 S S and // = //3 fflc //3 fflc /^a, where di'3{t) — dv2{o-2,i + ^'3/3) and 
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dfi^it) = diji2{a^t + bs/S). Continuing in this fashion, we see that the pair i^) is 
fflc-infinitely divisible. □ 

Recall from [7j that an analytic function (p : C+ U M is said to be stable if 

for every a > 0, there exist 6 > and c G M such that 

^{z) + ^<P{az) = + c, z e C+. 

The next result follows immediately from Remark 5.1. 

Proposition 5.3. A Sc-infinitely divisible pair of measures {jj, u) is '^f.-stable if and 
only if the functions ^{fi^v) and F~^{z) — z are stable. 

A complete characterization of stable analytic functions was proved in [7|. We will 
write out this result below for the sake of completeness. The complex functions in 
the following list are given by their principal value in the upper half plane. 

Theorem 5.4. The following is a complete list of the stable analytic functions (p '■ 
C+ ^ C- UR. 

(1) (f)(z) = a + ib, a andb < 0. 

(2) (f){z) = a + bz-''+\ aeR,ae (1,2], 6^0, and aigb e [(a-2)7r,0]. 

(3) (P{z) = a + bz-'^^^, a G M, a G (0, 1), 6 7^ 0, and arg6 G [-tt, (a - 1)ti]. 

(4) (P{z) = a + b\ogz, a UR andb <Q. 

Finally, we briefly outline the role of fflc-stable pairs of measures in relation to the 
limit theorems. Following the ideas in |16| . one can show that a pair of measures 
(yU, v) is fflc-stable if and only if there exist y4„ > 0, i?„ G M and measures /i', v' E M. 
so that the measure /i (resp., v) is the weak limit of c-free (resp., free) convolutions 
/i„ fflc /^n fflc ■ ■ ■ fflc /^n (resp., z/^ B B ' ' ' B T-'n) , whcrc the measure /i„ and are 

n times n times 

given by 

(i/i„(t) = dfi'{Ant + Bn), and (iz/„(t) = diy'{Ant + Bn). 

We will not provide the details of the proof of the above assertion because it is quite 
similar to those in the free case [16]. The reader will have no difficulty in providing 
his/her own proof. 
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